Rayleigh reciprocity relation. This is an important advantage for the development of numerical procedures for solving the BIE's, and for an accurate calculation of the strains and stresses at internal points close to the crack faces.
For curved cracks of arbitrary shape the BIE's presented to take into account the singularities at the crack tips.
The conventional BIE formulation, due to Rizzo (1967) and Cruse (1969) , is based on the Betti-Rayleigh reciprocity theorem for two independent elastostatic or elastodynamic states. By choosing one of the states as the unknown field and the other as the basic singular solution (the Green's function), a representation integral for the displacement components can be derived. The integral, which is over the surface of the crack contains the crack opening displacements (the displacement jumps across the crack faces) and derivatives of the Green's function in its integrand. Unfortunately, a direct limiting process on the representation integral for the displacements as the observation point approaches a crack face, gives rise to a degenerate set of BIE's, as shown by Cruse (1975) . This has motivated the use of representation integrals for the tractions, and their corresponding boundary integral equations, rather than displacement BIE's. Such traction BIE's are, however, highly singuliar, and they cannot be solved directly by numerical methods. To circumvent these difficulties several approaches have been proposed, see for example the papers by Cruse (1975 Cruse ( ,1987 , Weaver
P"
% % (1977), Budiansky and Rice (1979) , Schmerr (1982) , Sladek and Sladek (1984) , Nishimura and Kobayashi (1987) , Zhang and Achenbach (1988) and Budreck and Achenbach (1988) . Most of these studies first reduce the higher order singularities to integrable ones, and then solve the modified BIE's numerically. The reduction is achieved by the use of partial integration.
The required manipulations are reasonably easy for simple configurations such as 3-D planar or 2-D straight cracks, but they become cumbersome for --" curved cracks. Furthermore, different forms of the regularized BIE's are obtained through the non-unique integration-by-parts process, though they are equivalent (see Cruse, 1987) .
In this paper we present a new BIE formulation for crack analysis. . The present paper presents a novel application of such path independent or conservation integrals in elastodynamic and elastostatic crack analysis.
Problem Statement and Conventional BIE Formulation
A crack is a surface of displacement discontinuity when external loads are applied to the body. The faces of a mathematical crack are "5.4 infinitesimally close prior to loading, and they do not interact when loads are applied. This is an acceptable approximation for real cracks whose faces are initially sufficiently separated so that the faces will not touch when the body is disturbed.
In this paper we consider a three-dimensional (curved) crack of arbitrary shape which is contained in an unbounded, homogeneous, isotropic, linearly elastic solid. The geometry is shown in Fig. I . The solid is subjected to time-harmonic motion, but the term exp(-iwt) has been % suppressed throughout the analysis.
The stress equations of motion are given by (see Achenbach, 1973) ai. As shown by Cruse (1975) for the static case, Eq.(2.7) will lead to a degenerate BIE formulation as x -A. A natural remedy for this difficulty is to use the representation integral for the traction components, which can be obtained by substituting Eq.(2.7) into Hooke's law and by using
Boundary integral equations can be derived from Eq. To overcome these difficulties Budiansky and Rice (1979) used partial ,$ integration to reduce the higher order singularities, and to derive a system V-1 of BIE's for a flat crack in the plane x 3 -0 (see Fig. I ). Regularization ..
V ~procedures
have also been proposed by Sladek and Sladek (1984) , by Nishimura and Kobayashi (1987) , and by Budreck and Achenbach (1988) .
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For a two-dimensional crack configuration, analogous formulations have -i been proposed by Tan (1975) , by Schmerr (1982) , and by Zhang and Achenbach (1988) .
The corresponding elastostatic crack analysis using BIE methods has been presented by Cruse (1975) and Weaver (1977) . A comprehensive discussion and an extensive list of references has been given by Cruse (1987) .
All the studies mentioned above have used partial integration to reduce the higher order singularities (2.9). This procedure is easily implemented for flat or straight cracks, but it becomes quite cumbersome for curved cracks.
In this paper, we will present a new BIE formulation which follows 0 very naturally from a path independent integral, and which has lower order singularities than the ones obtained in the conventional BIE formulation.
The Jk Integral and Related BIE's
In elastostatics the Jk integral has the form (Eshelby, 1951 , Rice, 1968 Jk -
where S is the surface of a body with volume V, n. is the outward normal J vector, and W is the elastic strain energy density
20
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The integral Jk' which vanishes if there are no body forces and singularities present in V, is usually referred to as a path independent integral or a conservation law. The application of the Jl component as a relevant crack-tip parameter in linear and nonlinear fracture mechanics has been well established (see 
The generalization of
Jk to time-harmonic elastodynamics, which is denoted by J k' can be written
where L is the kinetic energy density
Here also Jk -0, under the same assumptions as for Jk" The proof is again very simple if we apply the divergence theorem, use Eq. Now let us consider two independent time-harmonic elastodynamic states for the same body:
These states satisfy the equations of motion (2.1), the strain-displacement equation (2.2) and Hooke's law (2.3). By virtue of linear superposition, the sum of (3.6) and (3.7)
(1) (2) (1) (2) (1) ., k ij while the second state is selected as the fundamental solution due to a unit point force 
S.
force. Application of (3.10) to the surfaces S, S and S (Fig.2) , and use following form
Applying the Cauchy-Schwartz inequality R-R T l we obtain 0. 
Ifs f(y)dS(X)l : (fs dS(X))"(fSRjf(Q)j~dS(X)
The integral of (3.24) is understood in the sense of Cauchy principal 
iug (x-)]
Au , )ag (x-y) nds(y)
x e , (3.25) while for anti-plane strain we find
x e r (3.26)
Here r + denotes the insonified side of the 2-D crack (see Fig. 3 ) and the superscript "g" represents the 2-D Green's functions (Appendix A). All integrals of (3.25) and (3.26) are understood as Cauchy principal values.
The BIE's (3.24) (as well as (3.25) and W and L are given by (3.2) and (3.5).
The assumptions in deriving 
Corresponding BIE's can be derived by applying Eq. and by letting x -A, taking into account of the boundary conditions (2.5).
Such BIE's are, however, again highly singular due to the presence of the G term ai.,k(X-y). Hence, Eq.(3.31) has no advantages over the conventional formulation given by Eq.(2.8).
Examples
In this section we will apply the BIE's (3.24) (as well (3.25) and (3.26)), which are valid for arbitrary shaped cracks, to some simple cases.
*
We first consider a flat 3-D crack in an unbounded body subjected to an + incident time-harmonic wave. The crack is located in the plane x 3 0 -.
Hence n I -n 2 -0 and n 3 = 1. The BIE's (3.24) separate into two decoupled 6 ,, equations:
,(42 where a 3 in and a inare stress components corresponding to the incident wave.
We note that Eq. Sdislocation densities, and they are again well known (see Mura, 1987) .
.A The BIE's presented here must, in general, be solved numerically.
Special care must be taken in the numerical implementation to account for
5..
the local behavior of Au. and Au. . near crack edges, and for the * 1.
2.,j
singularities of the Green's functions at xFor 2-D cracks subjected by static loading the method developed by Erdogan et al. (1973) has been *%t
• o°-% .°N frequently used, while Zhang and Achenbach (1988) solved the modified BIE's of (4.5) and (4.6) numerically for time-harmonic wave scattering problems.
For a flat 3-D crack numerical methods have been proposed by Polch et al. (1987) for the static case, and by Nishimura and Kobayashi (1987) for the dynamic case.
Concluding Comments
A novel application of an elastodynamic conservation integral, the k integral, to elastodynamic and elastostatic crack analysis has been ' ":"For a large sphere of radius R (see Fig. 2 w w
